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Abstract
The higher Randic´ index Rt of a simple graph  is defined as
Rt =
∑
vi1−vi2−···−vit+1
1√
δi1δi2 · · · δit+1
,
where δi denotes the degree of the vertex vi and vi1 − vi2 − · · · − vit+1 runs over all paths of
length t in . In this paper we introduce a suitable version of the Laplacian of a graph and we
formulated R1 in terms of its spectrum. Moreover, bounds on R2 from the eigenvalues either
the adjacency matrix or the Laplacian matrix of the graph are obtained in the paper.
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1. Introduction
Throughout this paper  denotes a simple, connected and finite graph. Let V =
{v1, . . . , vn} be the set of vertices of  and δi the degree of the vertex vi . The mini-
mum degree of a graph is denoted by δ and the maximum by .
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The Randic´ index, R1, of a graph  was introduced by the chemist Milan Randic´
in 1975 [6] as
R1 =
∑
vi∼vj
1√
δiδj
.
This topological index, sometimes called connectivity index, has been successfully
related to physical and chemical properties of organic molecules and become one of
the most popular molecular descriptors.
The higher Randic´ index or higher connectivity index is also of interest in molec-
ular graph theory. For t  1, the higher Randic´ index is defined as
Rt =
∑
vi1−vi2−···−vit+1
1√
δi1δi2 · · · δit+1
,
where vi1 − vi2 − · · · − vit+1 runs over all paths of length t in .
Initially, the Randic´ index was studied only by chemists, but recently it has also
attracted the attention of mathematicians, for instance, we cite [1–4]. In this paper
we introduce a suitable version of the Laplacian of a graph and we formulated R1
in terms of its spectrum. Moreover, bounds on R2 from the eigenvalues either the
adjacency matrix or the Laplacian matrix of the graph are obtained in the paper.
2. Weighted adjacency matrix
We define the weighted adjacency matrix of a graph  of order n as the n× n
matrix A whose (i, j)-entry is
aij =


1√
δiδj
, vi ∼ vj ;
0, otherwise.
In the case of ν = (√δ1,√δ2, . . . ,√δn) we have Aν = ν. Thus, λ1 = 1 is an
eigenvalue of A and ν is an eigenvector associated to λ1 = 1. Hence, as A is non-
negative and irreducible in the case of connected graphs, by the Perron–Frobenius
theorem, λ1 = 1 is a simple eigenvalue and λ1 = 1  |λj | for every eigenvalue λj
of A.
Theorem 1. Let  be a simple, connected, and non-regular graph of order n and
size m. Then(
(2R1 − φ)2
n− φ + φ − τ
) √
δ
2
 R2,
where φ denotes de graph invariant defined as φ = (∑ni=1 √δi)2/(2m) and τ is the
sum of λ2i over all weighted adjacency eigenvalues of , i.e. τ =
∑n
i=1 λ2i .
J.A. Rodrι´guez / Linear Algebra and its Applications 400 (2005) 339–344 341
Proof. For the vector j = (1, 1, . . . , 1) ∈ Rn we consider the following decomposi-
tion:
j = 〈j, ν〉‖ν‖2 ν + z =
∑n
i=1
√
δi
2m
ν + z, (1)
where z ∈ ν⊥. Then we have
2R1 = 〈Aj, j〉
=
〈∑n
i=1
√
δi
2m
ν,
∑n
i=1
√
δi
2m
ν
〉
+ 〈Az, z〉
=
(∑n
i=1
√
δi
)2
2m
+ 〈Az, z〉
= φ + 〈Az, z〉.
Thus, by the Cauchy–Schwarz inequality we obtain |2R1 − φ|  ‖Az‖‖z‖ and from
‖z‖ = √n− φ and ‖Az‖ = √‖Aj‖2 − φ we obtain
|2R1 − φ| 
√(‖Aj‖2 − φ)(n− φ). (2)
Moreover,
‖Aj‖2 = 2
∑
vi∼vj
1
δiδj
+ 2
∑
vi−vj−vk
1√
δj δiδj δk
 2
∑
vi∼vj
1
δiδj
+ 2√
δ
∑
vi−vj−vk
1√
δiδj δk
= Tr(A2)+ 2√
δ
R2
=
n∑
i=1
λ2i +
2√
δ
R2.
Thus, by the above inequality and (2) we conclude the proof. 
Notice that in the regular case n = φ and, consequently, the above result loses the
sense.
3. Weighted Laplacian matrix
We define the weighted Laplacian matrix of , denoted by L =L(), as L :=
D−A where D = diag(∑nj=1 a1j , . . . ,∑nj=1 anj ).
The smallest eigenvalue of L is µ0 = 0 with eigenvector j = (1, 1, . . . , 1). As
we assume  connected, µ0 is an eigenvalue of multiplicity one. The eigenvalues of
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L are denoted by µ0 = 0 < µ1 < · · · < µb and their multiplicities are denoted by
m0 = 1, m1, . . . , mb.
We recall that the second smallest Laplacian eigenvalue of , µ1, satisfies the
following equality showed by Fiedler [5],
µ1 = 2nmin
{ ∑
vi∼vj aij (wi − wj)2∑
vi∈V
∑
vj∈V (wi − wj)2
: w ∈ Rn, w /= αj for α ∈ R
}
,
(3)
It is well-known that the second smallest Laplacian eigenvalue of a graph is prob-
ably the most important information contained in the spectrum. This eigenvalue,
frequently called algebraic connectivity, is related to several important graph invar-
iants and imposes reasonably good bounds on the values of several parameters of
graphs which are very hard to compute. Below we use (3) to obtain a nontrivial
bound on the Randic´ index of bipartite graphs. Similarly to (3), the largest Laplacian
eigenvalue, µb, satisfies
µb = 2nmax
{ ∑
vi∼vj aij (wi − wj)2∑
vi∈V
∑
vj∈V (wi − wj)2
: w ∈ Rn, w /= αj for α ∈ R
}
.
(4)
The following theorem states that the Randic´ index is completely determined by
the weighted Laplacian spectrum, moreover, provides bounds that only related one
weighted Laplacian eigenvalue of the graph.
Theorem 2. Let  be a simple connected graph. Let
Spec(L) = {µ10, µm11 , . . . , µmbb }
be the weighted Laplacian spectrum of .
(i) Then the Randic´ index of  is
R1() = 12
b∑
l=1
mlµl.
(ii) Then the Randic´ index of  is bounded by
(n− 1)µ1
2
 R1() 
(n− 1)µb
2
.
(iii) If  = (X, Y ;E) is bipartite, then the Randic´ index of  is bounded by
|X||Y |
|X| + |Y |µ1  R1() 
|X||Y |
|X| + |Y |µb.
Proof. (i) The result immediately follows from the definition of weighted Laplacian
matrix and Randic´ index by calculating in to two ways the trace of L:
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2R1() = Tr(L) =
b∑
l=1
mlµl.
(ii) Obvious consequence of (i).
(iii) For any vertex vi ∈ V (), ei denotes the corresponding unit vector of the
canonical base of Rn. Let w ∈ Rn defined by
wi =
{
1, vi ∈ X;
−1, vi ∈ Y.
Thus, ∑
vi∈V ()
∑
vj∈V ()
(wi − wj)2 = 8|X||Y |. (5)
By (3)–(5) we have
µ1 
(|X| + |Y |)∑vi∼vj aij (wi − wj)2
4|X||Y |  µb. (6)
On the other hand, aij (wi − wj)2 = 4√
δiδj
if vi and vj are adjacent, and aij (wi −
wj)
2 = 0 otherwise. Thus, from (6) we deduce µ1  (|X|+|Y |)|X||Y | R1  µb. Hence, the
result follows. 
In the case of the complete graph  = Kn (n  2), the only non-null eigenvalue
of L is n
n−1 . Thus, the bound (ii) is attained on this class of graphs. Moreover, the
bound (iii) also is tight as we can see in the following example. Let  = Kr,s (s  r)
be the bipartite complete graph. In this case, µb = r+s√rs from which Theorem 2 gives
the sharp bound R1 
√
rs.
The bound (iii) could be of some interest in organic Chemistry because the bipar-
tite molecular graphs, in particular the trees, are of singular interest in the study of
organic compounds.
Theorem 3. Let  be a simple connected graph. Let
Spec(L) = {µ10, µm′11 , . . . , µm′bb }
be the weighted Laplacian spectrum of  and let
Spec(A) = {λ10, λm11 , . . . , λmdd }
be the weighted adjacency spectrum of . Then the higher Randic´ index of , R2, is
bounded as(∑b
l=1 m′lµ2l − 2
∑d
l=1 mlλ2l
)√
δ
2
 R2 
(∑b
l=1 m′lµ2l − 2
∑d
l=1 mlλ2l
)√

2
.
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Proof. The result is obtained by calculating the trace of both matrices L2 and A2:
Tr(L2)= 4
∑
vi∼vj
1
δiδj
+ 2
∑
vi−vj−vk
1√
δj δiδj δk
= 2 Tr(A2)+ 2
∑
vi−vj−vk
1√
δj δiδj δk
.
Thus,
2√

R2 
(
Tr(L2)− 2 Tr(A2))  2√
δ
R2.
The result immediately follows. 
Obviously, in the regular case both equalities are attained.
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